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A WELL-KNOWN construction of Anosov diffeomorphisms goes as follows. Let G be a 
Lie group and I be a discrete subgroup such that G/I is compact. Let A be a Lie 
automorphism of G such that A(T) = r and such that the differential dA is a 
hyperbolic automorphism of the Lie algebra (3 of G. Then the map A of G/I induced 
by A is an Anosov diffeomorphism (see [ 1]#7). Briefly speaking this happens to be so 
because as r is discrete it is possible to identify the tangent spaces to G/T with (0 in 
such a way that all the tangent maps correspond to dA. However if we generalize the 
situation and consider a compact homogeneous space G/H, where H is any closed 
subgroup, it is not any longer possible to identify the tangent maps in any canonical 
way with an automorphism of a (single) vector space. The situation becomes even more 
complicated if we consider a differentiable manifold which can be expressed as 
K\G/H with H and K closed subgroups. This raises the question whether not- 
withstanding the constructional difficulty there might still exist new examples of 
Anosov diffeomorphisms on G/H (or K\GIH as above), induced by Lie automor- 
phisms of G when H is not discrete (and possibly K nontrivial). One way to approach 
the question would be to ciassify all diffeomorphisms from the above class for which E, 
the image of the identity is a hyperbolic fixed point. In this article we carry this out 
for the case when K is a compact subgroup. 
Let G be a Lie group and H and K closed subgroups such that K is compact and 
G/H is either compact or admits a finite G-invariant measure. Let T be a Lie 
automorphism of G such that T(H) = H and T(K) = K and let T be the correspond- 
ing map of K\G/H. Assume that 2, the image of the identity is a hyperbolic fixed point 
of T (see §I for definitions). It turns out that if G/H admits a finite G-invariant 
measure, (as is necessarily the case when G has no simple, non-abelian, non-compact 
factors) then T as above is “affinely equivalent” to an “infra-nilmanifold Anosov 
automorphism” (see Theorem 7.1). We note that the latter is a factor by a finite group 
of symmetries of the examples discussed in the beginning, which incidentally, arise 
only when G is a nilpotent Lie group (see [II). In the general case (without the 
assumption about existence of finite invariant measure) we show that either T has a 
non-trivial factor of zero topological entropy or it is affinely equivalent to an 
infra-nilmanifold Anosov automorphism (see Corollary 8.2). Further in the case when 
a non-trivial factor of zero-topological entropy does occur, there is one such, for 
which the restriction of p to the fiber containing d is topologically equivalent to an 
infra-nilmanifold Anosov automorphism (see Corollary 8.3). We also illustrate by a 
simple example (see example 4.3) that there exist (non-trivial) diffeomorphisms in the 
class that we have considered, whose topological entropy is zero. 
§I. AFFINE AL:TO.MORPHISMS AND AFFINE EQUIVALENCE 
In this note by an infra-homogeneous space (IH space for brevity) we shall mean a 
triple (G, H, K) satisfying the following conditions; (i) G is a Lie group (not 
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necessarily connected); (ii) H is a closed subgroup of G such that G/H is either 
compact or admits a G-invariant probability (Bore0 measure: (iii) K is a compact 
subgroup such that K\GIH is connected. 
By abuse of language sometimes we also refer K\GIH as an IH-space provided 
the subgroups involved are clear from the context. In general K\G/H may not be a 
manifold. If K\GIH has the structure of a differentiable manifold which is a quotient 
of the differentiable structure of G we call (G, H, K) a difierentiuble IH-space. If (G, 
H, K) is a differentiable IH-space then the tangent space to K\GIH at Z, the image of 
the identity e may be identified with @l/ h+k where 8 is the Lie algebra of G and h and 
k are Lie subalgebras corresponding to H and K respectively. Hence formally we 
shall refer C3J/b+l: as the tangent space to K\G/H at P even when (G, H, K) is not a 
differentiable IH-space. 
An afine automorphism T of an IH-space (G, H, K) is a map of G of the form 
T(g) = g,A(g) where A is a Lie automorphism of G and go E G (fixed) satisfying the 
following conditions: (a) A(H) = H and (b) g,A(K)g;’ = K. An affine automorphism T 
of (G, H, K) induces a homeomorphism 7 of K\G/H given by F(KgH) = K(Tg)H. In 
the sequel very often we shall be dealing with affine automorphisms T for which go is 
the identity. Such an affine automorphism T of (G, H, K) will be called an uffine 
automorphism induced by an automorphism of G. 
In our notation the well-known class of infra-nilmanifold Anosov automor- 
phisms can be realized as follows. Let N be a nilpotent connected Lie group and let F 
be a finite group of Lie automorphisms of N. Let G be the semi-direct product FN. 
Let r be a discrete subgroup of G such that G/T is compact (equivalently in this case, 
G/T admits a finite G-invariant measure; see [2]). Then (G, r, F) is an IH-space. If l? acts 
freely on F\G then (G, r, F) is a differentiable IH-space. Now let A be a hyperbolic Lie 
automorphism of N (i.e. the differential dA on the Lie algebra of N has no eigenvalues of 
absolute value 1) such that AFA-’ = F. Then A extends uniquely to an automorphism, 
say T, of G. Assume further that T(T) = r. Then T-induces an affine automorphism of (G, 
r, F). The affine automorphisms arising as above are called infra-nilmanifold Anosou 
automorphisms. 
Let T, and T2 be affine automorphisms of possibly different IH-spaces (G,, H,, K,) 
and (Gz, Hz, K2) respectively. We say that T, is a fulf restriction of Tz if there exists a 
Lie homomorphism a: G,+Gr such that; (i) a(H,) C Hz and cr(K,) C K?; (ii) The map 
cp: K,\G,/H, --, K,\G,IH, defined by cp(K,g,H,) = K2 a(g,)Hz is a (surjective) homeo- 
morphism. and; (iii) if FI;, and Fr are the maps of K,\GJH, and K,\GJH, induced by T1 
and T2 respectively, then F*zcp = cpF,. 
Let T, and Tz be affine automorphisms (of possibly different ZH spaces). We say 
that T, and Tt are afinely equivalent if there exists a finite sequence {Si}lm of affine 
automorphisms (of some IH-space) such that S, = T,, S,,, = Tz and for each i I m - 1 
either Si is a full restriction of Si+, or Si+i is a full restriction of Si. 
Remark. Let TI and T2 be affine autornorphisms of differentiable IH spaces (G,, 
H,, KI) and (G2, HZ, K?) respectively. Let F’, and FZ be the corresponding 
homeomorphisms of K,\GJH, and Kz\Gz/Hz respectively. Then T, and Tr are 
diffeomorphisms. If T, and T2 are affinely equivalent then p’, and ?‘2 are differentiably 
conjugate. 
The following easy Lemma is very useful. 
1.1 LEMMA. Let (G, H, K) be an ZH-space and let T be an afine automorphism of 
(G, H, K). (a) If L is a T-invariant closed subgroup containing H such that G = KL 
then T is afinely equivalent to the afine automorphism T’ of (L, H, L 17 K) obtained 
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by restricting T to L. (b) If L is a T-invariant closed subgroup contuining K such that 
G = LH then T is (Ifinely equivalent to the afine automorophism T’ of (L. L 17 H. K) 
obtained by restricting T to L. (c) If H or K contains a T-invariant closed subgroup V 
which is normal in G then T is afinely equivalent to the afine automorphism T’ of 
(G/V. HVIV. KVIV) obtained by factoring T. 
1.3 COROLLARY. Let T be an afine automorphism of an IH-space (G. H. K ). Let G” 
be the connected component of the identity in G. Then T is afinely equivalent to the 
afine automorphisms of (G”H, H, G”H f~ K) and (KG”, KG” fl H, K) obtained by 
restricting T to the respective subgroups. 
Proof. Since K\G/H is connected G = KG”H. The Corollary is now a consequence 
of Lemma I.1 (a) and (b). 
In view of the above in classifying the affine automorphisms upto affine 
equivalence we may assume G = G”H = KG”. In particular we may assume that G 
has only finitely many connected components, which is true of the subgroup KG”, 
Notation. In the sequel for any subgroup L of a Lie Group G, L” denotes the 
connected component of the identity in L. For any subset E of G, l? denotes the 
closure of E in G. 
§2. AUTOMORPHISMS OF LIE GROUPS 
Let G be a Lie group with finitely many connected components and let @ be the 
Lie algebra of G. Let T be a Lie automorphism of G. Then we have a decomposition 
(s) = X 80 of @ into generalized eigenspaces of the differential dT of T. Here A is a 
rrE \
suitable indexing set and for each (Y E A there exists an irreducible polynomial f* with 
real coefficients such that 
CVe = {x E @lf,Y(dT)x = 0 for some y > 0). 
Each ($5”. cy E A is a dT-invariant subspace of @ and all eigenvalues of dT/QP, the 
restriction of dT to a”. have the same absolute value say A,,. Put 
It is well-known and easy to check (see [3, $11 for an idea of the proof) that ($5’. (S- and 
,3 defined as above are Lie subalgebras of ($5. We shall also need the following results: 
2.1 PROPOSITION. The adjoint actions of @’ and @I- on @ are nilpotent (i.e. (ad y)” 
_Y = 0 for all x E (3. y E 8’ or W, for a suitable n.) In particular C3+ and C&S- are 
nilpotent subalgebras. 
2.2 Proposition. If @ is a reductive Lie algebra then ,3 is reductive. 
Let G’. G- and 2 (or more accurately G’(T), G-(T) and Z(T) when we want to 
emphasize their dependence on T) be the analytic subgroups (connected Lie sub- 
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groups) of G corresponding to the Lie subalgebras a+, @- and ,3 respectively. Then 
by the above proposition the adjoint (conjugation) action of G’ and G- on (55 is unipotent 
and if G is reductive then Z is reductive. 
Now let (G, H, K) be an IH-space and suppose that the automorphism T of G 
defines an affine automorphism of (G, H, K). Let p be the corresponding homeomor- 
phism of K\G/H. In confirmity with what it should be if (G, H, K) is differentiable, we 
say that F (the image of the identity e) is a hyperbolic fixed point of 7 if all 
eigenvalues of the factor of dT on @!I h+k, are of absolute value other than 1, h and k 
being the (dT-invariant) Lie subalgebras of @ corresponding to H and K respec- 
tively. In the notation introduced earlier this is equivalent to asserting that ,3 C h + k. 
In the case when G is a semisimple Lie group the above condition in terms of Lie 
subalgebras can be translated into one involving analytic groups. 
2.3 LEMMA. Let (G, H, K), T. F, etc. be as above. Assume that G is a semisimple 
Lie group. Then K”, the connected component of the identity in K, is contained in 
Z(T). 
Proof. Clearly there is no loss of generality in assuming, as we shall, that G is 
connected. Then there exists an integer m and y E G such that T” coincides with the 
inner automorphism Us corresponding to y. Let G* denote the R-algebraic hull of the 
adjoint group of G and let y* be the image of y in G *. Because of semisimplicity the 
connected component of the identity in G* coincides with the image of G under the 
canonical homomorphism p of G into G *. Let A be the R-algebraic hull of y* in G*. 
Then A is an abelian Lie group with finitely many connected components. If c is the 
number of connected components then (y*)’ is contained in a one parameter subgroup 
of A. Since p(G) = (G*)‘, we conclude that there exists an element yl E G such that 
y, = exp Y for some Y E @ and T”’ = gyyI, the inner automorphism corresponding to 
yI. Unless yI is of finite order, in which case the Lemma follows trivially, for any 
t E R, exp tY normalizes any Lie subalgebra of @ normalised by yl. In particular it 
follows that for all t E R, exp tY normalizes K”. Since K” is compact this is possible 
only if for each t E R exp tY centralizes K”. In particular yI centralizes K”. Since 
T”’ = o;, all eigenvalues of the restriction of dT to k must be roots of unity. Hence 
k C 3(T) or equivalently K” is contained in Z(T). 
2.4 LEMMA. Let the notations be as before. Assume that G is a semisimple Lie 
group and that z is a hyperbolic fixed point of T (acting on K\GIH). Then Z(T) = 
K”( H f7 Z(T))“. 
Proof. By Lemma 2.3 K” is contained in Z(T). Now consider the action of K” on 
the homogeneous space Z( T)/(H rl Z(T))“. Since s(T) is contained in k + h and 
k C 3(T), 3(T) = k + (h rl 3(T). Hence by inverse function theorem the orbit of the 
image of the identity in Z(T)/(H fl Z(T))” under the action of K” is open. But since 
K” is compact the orbit is also closed. Since Z(T) is connected the action of K” must 
be transitive. That is Z(T) = K”(H n Z(T))“. 
53. II4 SPACES OF SEMISIMPLE LIE GROUPS 
In this section we study affine automorphisms of an IH space (S, H, K) where S is 
a semisimple Lie group (with finitely many connected components) which admits no 
compact normal subgroups of positive dimension. The last assumption is also 
equivalent to there being no compact factor groups of positive dimension. We denote 
by S* the R-algebraic hull of the adjoint group of S. Let D be any reductive 
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W-algebraic subgroup of S*. Then D admits a unique conjugacy class of vector 
subgroups satisfying the following: {Ad a/a E A} is simultaneously diagonalizable 
over W and A is maximal with respect to the last property. Every such A is also 
maximal with respect to the property that {Ad a/D/a E A} is diagonalizable above R, 
X? being the Lie subalgebra corresponding to D. For brevity we shall refer such a 
subgroup as a MDV subgroup (maximal diagonalizable vector subgroup). Let A be an 
MDV subgroup of D. Let N be a maximal unipotent analytic subgroup contained in D 
which is normalised by A. Then A N is called an analytic Bore/ subgroup of D. It is 
well-known that if B is an analytic subgroup of D then D/B is compact if and only if 
B contains an analytic Bore1 subgroup. This may be proved using Iwasawa decom- 
position for a semisimple Lie subgroup of B. (See [4,5] for preliminaries on Lie groups). 
3. I THEOREM. Let (S, H, K) be an IH spuce as above. Let T be un uutomorphism of 
S which induces an afine automorphism of (S, H, K) and let F be the corresponding 
homeomorphism of K\SIH. Assume that 2, the image of the identity, is a hyperbolic 
fixed point of 7. Then H contains an analytic Bore1 subgroup of S. 
Proof. Clearly for the purposes of proving the theorem there is no loss of 
generality in assuming that S is connected. Hence as seen in the proof of Lemma 2.3 
there exists an integer r such that T’ coincides with the inner automorphism 
corresponding to an element y E S where y is of the form exp Y for some Y E G, the 
Lie algebra of S. We now consider two separate cases. 
Case (i). Suppose that H is Zariski dense in S; i.e. {Ad h(h E H} is Zariski dense 
in S*. In this case we show that H = S. 
The Zariski density assumption in particular implies that H” is a normal subgroup 
of S. Put S’ = S/H”, H’ = HIH”, K’= KH”IH” and y’= yH”IH”. Let T’ be the 
homeomorphism of K\S’/H’ induced by cr,,, the inner automorphism corresponding 
to y’. Then 2 is a hyperbolic fixed point of T’. By Lemma 2.4 Z(U~,.) is contained in 
(K’)“(H’)” = (K’)“. Clearly there exists Y’ in the Lie algebra 6’ of S’ such that y’ = exp 
Y’. This means that Y’ E S(U~~) and hence y’ E Z(u,#). Thus y’ is contained in a 
compact subgroup K’ and consequently all eigenvalues of a,’ have to be of unit 
absolute value. Therefore Z(y’) = S’. Since Z(y’) is contained in K’ we conclude that 
S’ must be compact. However S is connected and admits no compact factor groups of 
positive dimension. Hence S’ must be trivial. That is S = H”. 
Case (ii). Suppose H is not Zariski dense in S. 
In this case S/H cannot admit a finite S-invariant measure. For otherwise by 
Borel’s density theorem H would be Zariski dense in S (see [2, Chap. VI). Since (S, H, 
K) is an IH space S/H must be compact. 
By Lemma 2.4 Z(U,) = K”(H fl Z(a,,))“. Let 5: S+ S* be the canonical projection 
and let y* = l(y). Then Z(c!) = [(Z(o,)) = l(K”) * 503 n Z(a,)T’. Hence Z(uy*)/SW n 
Z(a, ))” must be compact. Recall that Z(q,.) is the connected component of the identity in 
its R-algebraic hull in S*. Hence l(H n Z(+))” contains an analytic Bore1 subgroup of 
Z(a,.*). In particular we conclude that [(Ho) contains a MDV subgroup say A of Z(a,.). 
We note that A is also a MDV subgroup of S*. 
Let L be the R-algebraic hull of C(H) in S*. Then every element of L normalizes 
the Lie subalgebra h of H. Hence p(H”) is a normal subgroup of L. Also clearly S*/L 
must be compact. Being R-algebraic L has only finitely many connected components. 
Hence S*/L” is compact. Therefore L” contains an analytic Bore1 subgroup say R of 
S*. Since any two MDV subgroups of L” are conjugate we may choose R so that R 
contains A. Now consider the subgroup l(H”) II R. It is a normal analytic subgroup of 
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R and contains A. The next Lemma shows however, that the only normal analytic 
subgroup of R containing A is R itself. Hence c(W) contains R. That is, H” contains 
the analytic Bore1 subgroup (J-‘(R))“. 
3.2 LEMMA. Let R be an analytic Bore1 subgroup of a semisimple W-algebraic group 
S* and let A be a MDV subgroup of S* contained in R. Then the only normal 
analaytic subgroup of R containing A is R itself. 
Proof. Let CZ be the Lie algebra of S *. Since A is an MDV subgroup E has a 
decomposition as Z = Z(9) + 2 2:” where A is the root system of S with respect to 
AEA 
the Lie subalgebra 9I of A, for each A E A 
GA = {x E G/(ad ox = A(@x for all 5 E 91) 
and Z(%) is the centralizer of ?I in B. For any analytic Bore1 subgroup R there exists 
an order on the root system such that if A’ is the set of positive roots then 
Z(W+ z G” 
AEb+ 
is the Lie subalgebra corresponding to R. Now let J be a normal 
analytic subgroup of R containing A and let 3 be the Lie subalgebra corresponding to 
J. Then 3 contains k?l and it is a Lie ideal in the Lie subalgebra corresponding to R. 
Now let A E A+ and 5 E !‘I be such that A(5) # 0. Then for any x E Z, x = 
A(.$)-’ (ad 5)x = -A(t)-’ (ad x)5 E S. Hence 5 contains S” for all A E A’. Hence 
3 = VI+ * FA+ GA. Therefore J = R. 
Proof of Theorem 3.1 also shows the following: 
3.3 PROPOSITION. Under the hypothesis as in Theorem 3.1, S/H is compact. 
Proof. In the first case as in proof of the theorem we proved that S” = H”. In the 
second we actually started the proof by observing that S/H is compact. 
3.4 PROPOSITION. Let the hypothesis and notation be as in Theorem 3.1. Assume 
further that the center of S is finite. Then H has only finitely many connected 
components. 
Proof. Under the hypothesis, in view of Iwasawa decomposition any analytic Bore1 
subgroup R is co-compact. That is, S/R is compact. Hence H/R is compact. In 
particular it has only finitely many connected components. 
§4.PROJECTIVEAUTOMORPHISMS 
Let V be an R vector space and let P = P(V) be the corresponding projective 
space. Any linear automorphism T of V induces an automorphism 7 of P. An 
automorphism of P arising in this manner is called a projective automorphism. 
In the sequel n : V-(O)+P denotes the canonical projection. 
4.1 PROPOSITION. Let r and ? be as above. Then there exists subspaces U,, LIZ,. . . , iJ, of 
V such that; (i) each Vi is r-invariant, T/U; is semisimple and all eigenvalues of r/ Ui are of 
same absolute value. (ii) Vi II Uj = (0) whenever 1 I: i <j 5 a. and (iii) ,$, n( Ui) is the 
non-wandering set of 7. 
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Proof. Let V = Z V” (direct sum) where cx runs over a suitable indexing set, be the 
decomposition of V into generalized eigenspaces with respect to T (see 42). Then 
each V” is T-invariant and all eigenvalues of the restriction T/V” are of same absolute 
value, say A,. Let AC R’ be the set of absolute values of eigenvalues of T and for 
A EA put 
VA = c V”. 
*,=* 
Let T = 6 - v be the Jordan decomposition of T where [ is semisimple and v is 
unipotent. For A E A put 
u* ={cPE V*l4(P)=vo). 
We claim that the subspaces U,, A E A answer the Proposition. Assertions (i) and (ii) 
follow trivially from the construction. We now prove (iii). 
Let x E V-(O) be such that q(x) is a non-wandering point of E Let x = C x, be 
hEA 
the decomposition of x where xA E V,. We first show that only one X~ is non-zero. For 
otherwise let A, p E A be such that A > p and x* and x, are non-zero. Let 
11 . 11 be any (fixed) norm on V. Let M = llxrll I[x~[)-’ and let 
D = [Y = *q* nt; MllY*lI < llVPll< Wnll}. 
Then ~(0) is a neighbourhood of v(x). Since all eignenvalues of A-'T on V, are of 
absolute value A-‘p < I there exists for p E (A-‘P, 1) a constant cr such that for any 
Yr E V,, IlA-“~“Yfi/l * I/Y,//-’ 5 clpn for all n 2 0. On the other hand since all eigenvalues of 
A-IT on V, are of unit absolute value there exists a constant c2 > 0 such that for yA E 
VA, llh-“~“Y, ti 2 C211Y~11P"'~ for all n ~0. Hence for any y E D, )1~“y,lI l ~“y~ll-’ =
JJA-“T"Y~II * ~~A-"T"Y~(I-'s 2 Mc,c;’ p”“. Hence there exists n, >O such that F(v(D)) I-I 
v(D) = cp for all n 5 no. We can then find a smaller neighbourhood D’ of q(x) such 
that F(D) fl D’ = cp for all n L 0. Similar consideration shows that there exists a 
neighbourhood II” of q(x) such that T”(P) fl D” = cp for all n 2 0. Hence all 
T-iterates of D’ II II” are pairwise disjoint, which contradicts the assumption that v(x) 
is non-wandering. Hence only one xA is non-zero or equivalently x E V, for some 
A EA. 
I 
We next show that if x E V-(O) is such that q(x) is non-wandering then the 
unipotent Jordan component v of T fixes x. Let V, = V / C and 7c = T @ I&. Then the 
W-projective space P’ associated to V, contains P and the restriction of the projective 
automorphism Fc to P coincides with ?. Since any non-wandering point of ? on P is a 
non-wandering point of Fc on P’ it is enough to prove the claim for fc in place of T. In 
other words we may assume, as we do, that V admits the structure of a C-vector 
space such that T is C-linear. 
Now let x E V-(O) be such that T(X) is a non-wandering point. Let V = 2 VB be 
P 
the decomposition into generalized eigenspaces with respect to T. Let x = C xa be the 
P 
corresponding decomposition of x where x, E V,. We need to show that v(x@) = x6 for 
allp.Wefixanindexpoandput W= Vh, W’= 2 V@,w=xBoandW’=x-W E W’. 
0+&l 
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In view of our assumption on V by Jordan canonical form there exists a basis 
{ek};=,, of W such that v(ek) = ek + ek_l if k 2 1 and v(eo) = eo. Inductively, we see that 
for n 2 0 
n(n - 1) 
#(ek> = ek + nek-, +- 
n! 
2 
ek_z + . . . 
k! (n - k)! e”’ 
Let w = 2 +?k be the decomposition of W. Suppose that w is not fixed by V. Then there 
k=O 
exists 1 L 1 such that ol# 0. Put M = f, (ukwi’] and 
ykek +y'(y' E w',Yl#o and 2 (yky;‘l <2 kf . 
k=O 
Then q(D) is a neighbourhood of n(x). If v”(y) = f, yp’ek + y,(n) where yrcn) E W’be 
the decomposition of v”(y) then in view of (*) for n 2 0 
Clearly the ratio ]y)“‘/y/,“‘] tends to zero as n +JJ uniformly for all y E D. Hence there 
exists no L 0 such that v”(D) is disjoint from D for n z no. But because of C-linearity 
of 7 on every generalized eigenspace T is a scalar multiple of Y. Hence we see that for 
n L no, 7”(7)(D)) is disjoint from v(D). Similarly we find a neighbourhood ~(0’) of 
n(x) and an integer 7);) such that n 2 nh, 7” (T(D’)) is disjoint from T( D’). As in the first part 
of the proof this contradicts the assumption that v(x) is non-wandering. Thus w = x, is 
fixed by V. Since PO was arbitrary this implies that V(X) = x. 
Combining the two parts we conclude that if x E V-(O) is such that q(x) is 
non-wandering then x E U, for some A E A; that is, the non-wandering set a(?) is 
contained in U n( V,). However since for each A, r/U, is semisimple and all 
AEA 
eigenvalues have the same absolute value F/q(U*) coincides with the projective 
transformation induced by an orthogonal transformation of U, (with respect to some 
norm) i.e. it is a rotation of the projective space. It is easy to see that for any such 
automorphism every point is non-wandering. Hence n(F) = ,f, n( U,). 
Note. Proposition 4.1 overlaps considerably with the study in [6]. However since 
there is no explicit statement in the form we need a proof is included. 
4.2 COROLLARY. The topological entropy of a projective transformation is zero. 
Proof. The topological entropy of a homeomorphism is same as the topological 
entropy of its restriction to the non-wandering set (see Theorem 2.4, [7]). Now let ? 
and Ui i=1,2, . . . q, be as in Proposition 4.1. Since each Vi is T-invariant and all 
eigenvalues of the restriction are of same absolute value, say Ai; each Vi admits a norm 
which is invariant under A ;‘T/ Ui. Let Si denote the subset of elements of unit norm in Vi. 
Then Si is A ;‘T invariant and A Y'T/S is an isometry of Si under the metric induced by the 
norm on Vi. Hence the topological entropy of A ;'T/ Si is zero. But clearly the restriction of 
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n to Si is a covering of n(Ui) and the restriction of 7 to n( Ui) is the factor of 7. Hence for 
each i= 1,2... q, ?/n(Ui) has topological entropy zero. Hence finally the topological 
entropy of 7 is zero. 
4.3 Example. Let V be a R-vector space and P(V) the corresponding projective 
space. Let T be a linear automorphism of V and F the corresponding projective 
automorphism. It is easy to verify that if o E V, uf 0 is an eigenvector of T and the 
corresponding eigenvalue is the only one with the absolute value, then n(v) is a 
hyperbolic fixed point of 7. Using this we can construct an affine automorphism of a 
differentaible IH space (G, H, K) induced by a Lie automorphism of G such that if T is 
the corresponding homomorphism of K\G/H then 2, the image of the identity, is a 
hyperbolic fixed point of F and the topological entropy of T is zero. Put G = SL( V), the 
special linear group of V. Then G acts transitively on V-(O) and hence on P( V). Let H be 
the isotropy subgroup of v(u), with u as above, and let K be the identity subgroup. Then 
(G, H, K) is a differentiable IH space and K\GIH may be canoncially identified with 
P(V). Let T = a, be the inner automorphism of G corresponding to T. Then T induces an 
affine automorphism of (G, H, K). Let T be the corresponding homeomorphism of 
K\G/H. Under the canonical identification of K\GIH with P(V), T corresponds to ? and 
P, the image of the identity, corresponds to n(v). Hence z is a hyperbolic fixed point of F 
and by Corollary 4.2 the topological entropy of F is zero. 
The contrast of this example with infranilmanifold Anosov automrophisms needs 
no further elaboration. Later we shall see that these are the two typical classes of 
affine automorphisms for which t is a hyperbolic fixed point. 
55. ALMOST PROJECTIVE AFFTNE AUTOMORPHISMS 
We now return to the affine automorphisms studied in 83, but with a slight extra 
condition. Let (S, H, K) be an IH space as in 03 and assume further that S has finite 
center. Let T be an automorphism of S inducing an affine automorphism of (S, H, W. 
Let 7 be the corresponding homeomorphism of K\S/H. The aim of this section is to 
prove the following result. 
5.1 PROPOSITION. If Z, the image of the identity, is a hyperbolic fixed point of F then 
F has zero topological entropy. 
Proof. Firstly we note that there is no loss of generality in assuming S to be 
connected. For consider the restriction T’ of T on the IH-space (SO, S” rl H, s” rl K) 
and let T’ be the corresponding homeomorphism of S” rl K\S”/S” n H. The inclusion 
map of S” into S induces a surjective map of S” fl K\S”/S” n H on to K\S/H. Hence 
F is a (topological) factor automorphism of F’. Consequently if h(F’) = 0 then 
h(F) = 0. Therefore we may assume S to be connected. Further as in the proof of 
Theorem 3.1 we may, by passing to a suitable power of T, assume that T = a; the 
inner automorphism corresponding to an element y E S, where y is of the form 
y = exp Y for some Y E S, the Lie algebra of S. Recall that in particular this implies 
that y E Z(cr,). By Lemma 2.4 we have Z(V~) C K”H”. Let k E K” and h E Ho be 
such that y-’ = kh. Now consider the homeomorphisms Q and $ of K\S/H defined by 
(p(KgH) = KygH and +(KgH) = Kgy-‘H = KgkH. (It may be noticed that k normalizes 
H since y does.) Clearly Q and JI commute with each other and F = Q . 4. 
Let C be the closed subgroup generated by k. Then C is a compact subgroup and 
for every c E C, cHc_’ = H. Hence there is a (continuous) action of C on K\S/H such 
that IJ is the homeomorphism corresponding to k. Since C is compact it now follows 
that the family {++“ln E Z} is equicontinous (with respect to any metric compatible 
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with the topology.-Note that by Proposition 3.3 K\S/H is compact). Using this fact it 
is straightforward to deduce from the definition (as in [7]) that the topological 
entropies of 7 and cp are equal. Hence it is enough to show that h(cp) = 0. 
By Theorem 3.1 H” contains an analytic Bore1 subgroup say R. Let (F denote the 
left translation of S/R by y; i.e. $ (gR) = ygR for all g E S. Then clearly cp is a 
topological factor of 4. Hence if we show that h(4) = 0 then h(cp) = 0 (see [8]). 
Let 2 be the center of S. Since 2 is finite ZR is a closed subgroup. Let ql denote 
the left translation of SIR’ where S’ = SIZ and R’ = RZIZ by y’ = yZIZ. Then cpI is a 
topological factor of (p and every fiber in the factoring map is finite and has the same 
cardinality as Z. In this situation h(G) = h(cp,) (see [8, Theorem 171). In other words in 
showing that h( 4) = 0 as demanded in last paragraph we may without loss of generality 
assume that S has trivial center. 
Let S* be the R-algebraic hull of the adjoint group of S. Since S is semisimple and 
has trivial center S may be identified with (S*)‘. Now let RI be the R-algebraic hull of 
R in S*. Then R, has only finitely many connected components and RI0 = R. Let 7 
denote the left translation of SRJR, by y. Then by the same argument as in the 
previous paragraph we conclude that h(G) = h(7). 
We shall complete the proof by showing that 7 is equivalent to a subsystem of a 
projective automorphism. Since RI is an R-algebraic group by Proposition 7.8 in [9] 
there exists a linear representation p of S* on a finite dimensional R-vector space V 
and a vector u E V such that 
RI = {g E S*lp(g)v = tv for some t ER}. 
Using the representation SR,IR, may be canonically identified with a compact subset 
of the projective space P(V) corresponding to V. Under the identification the action 
of T on SRJR, corresponds to the restriction of the projective automorphism p(y> 
induced by p(y). By Corollary 4.2 h(p(y)) = 0. The topological entropy of a restriction 
of a homeomorphism to a closed subset is at most equal to that of the original one. 
(See [8]) Hence h(7) = 0. 
5.2 Remark. A discerning reader would realize that F in Proposition 5.1 would be 
rather special in the class of homeomorphisms of zero topological entropy. It’s 
dynamical properties would be close to those of restrictions of projective automor- 
phisms, and hence we dub such an automorphism as an “almost projective automor- 
phism”. 
56. IH SPACES OF AMENABLE LIE GROUPS 
Let G be a Lie group with finitely many connected components and let R be the 
(solvable) radical of G. Then G is amenable if and only if GIR is compact. For us the 
term amenable serves only for brevity. In this section we prove the following 
theorem. 
6.1 Theorem. Let (G, H, K) be an IH-space where G is an amenable Lie group 
(with finitely many connected components). Let T be an automorphism of G which 
induces an afine automorphism of (G, H, K) and let T be the corresponding 
homeomorphism of K\GIH. If t?, the image of the identity, is a hyperbolic fixed point of 
?; then T is afinely equivalent an infra-nilmanifold Anosov automorphism. 
Proof. We first show that upto affine equivalence we may assume G = RH where 
R is the radical of G. Let TR denote the factor on GIR. Since GIR is a compact 
semisimple Lie group all eigenvalues of the differential dTR of TR are of unit absolute 
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value-that is, Z(T,) = Go/R. But in view of Lemma 2.4 we have Z( TR) 
= (KR/R)“(mIR)“. Hence we must have G” = K”(m)“. Recall that upto affine 
equivalence we may assume G = G”H. (See Corollary 1.2). Hence G = K(s). But 
then by Lemma l.la) T is affinely equivalent to its restriction on (RH, H, %? n K). 
In other words upto affine equivalence we may assume that G = RH. 
We next show that upto afke equivalence we may assume H” to be solvable. 
Since (G, H, K) is an IH space by a theorem of Wang (see [ 10, Theorem 1.2 (4) and 
3.1 (4)]) H” is normalized by the nilradical N of G. Let V be the closed subgroup 
generated by all simple non-abelian analytic (necessarily compact) subgroups of H”. 
Then V is a characteristic subgroup of H” and hence it is normalized by N. Now 
recall that Go/N is a reductive analytic group and R/N is it’s center. (See [5], Corollary 
3.1641.) In particular R/N centralizes VN/ N. Hence R normalizes VN. But clearly V is a 
characteristic subgroup of VN. Hence R normalizes V. Again since V is a characteristic 
subgroup of H” it is also normalized by H. Since G = RH it follows that V is normal in G. 
Hence by Lemma 1. I(c) upto affine equivalence we may assume V to be the identity 
subgroup. In other words we may assume H” to be solvable. 
By a result of Auslander and Wang (see [2, Theorem 8.241) H” being solvable 
implies that (m)” is solvable-that is G” is solvable. Observe that Go/G” n H is 
either compact or admits a finite GO-invariant measure (actually for a solvable Lie 
group the two are equivalent (see 12, Theorem 3.11). Hence by a Theorem of 
Mostow (see [I 1, SS]) Ho is contained in the nilradical N and N/N fl H is compact. 
Recall that the Lie subalgebra s(T) associated to T is contained in k + h where k and 
h are Lie subalgebras corresponding to K and H respectively. Hence 2(T) is 
contained in k + n where n is the Lie-ideal corresponding to N. But k + n is a Lie 
sublagebra and K”N is the corresponding analytic subgroup of G”. Hence Z(T) is 
contained in K”N. 
Now consider the analytic subgroups G+(T) and G-(T) associated to T (see 02 for 
definitions). They are unipotent analytic subgroups of G. By Lie’s Theorem any 
unipotent subgroup of a solvable Lie group is contained in the nilradical. Hence 
G+(T) and G-(T) are contained in N. But clearly G+(T), G-(T) and Z(T) generate 
G”. Hence G” = K”N. Since G = G”H we get G = K”NH. Since N/N n H is compact 
NH is a closed subgroup of G. Hence by Lemma 1.1(a) we now conclude that T is 
affinely equivalent to its restriction say T, on (NH, H, K,) where K, = NH n K. Now 
observe that K,” C (NH)” = N. A compact subgroup of a nilpotent group is central. In 
particular K, n N is normal in N. By Corollary 1.2 T, is affinely equivalent to its 
restriction say T2 on (KIN, K,N n H, K,). But K1 n N is normal in K,N. Hence by 
Lemma l.](c) Tz is affinely equivalent to its factor on (KIN/K, n N, KIN n H/K, n 
N, KJK, il N). Therefore upto affine equivalence we may assume that the original 
ZH space (G, H. K) is such that G” is nilpotent K is finite and G” n K = (e). Upto affine 
equivalence we may also assume that G = G”H = KG”. Thus G is a semi-direct 
product of K and G”. Also by a result of Malcev ([2, Theorem 2.31) on homogeneous 
spaces of nilpotent groups, H” is normal in G”. Since G = G”H, H” is normal in G. 
Hence by Lemma 1.1(c) upto affine equivalence we may assume H to be discrete. 
This completely proves that T is affinely equivalent to an infranilmanifold Ansov 
automorphism. 
57. IH SPACES OF FINITE INVARIANT MEASURE 
We now extend Theorem 6.1 to IH spaces (G, H, K) where G/H admits a finite 
G-invariant measure. Here G/H may or may not be compact. 
7.1 THEOREM. Let (G. H, K) be an IH space such that G/H admits a finite 
G-invariant measure. Let T be an automorphism of G which normalizes Hand K and 
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let F be the corresponding homeomorphism of K\G/H. If t?, the image of the identity is 
a hyperbolic fixed point of F then T is afinely equivalent to an infra-nilmanifoid 
Anosov automorphism. 
Proof. Recall that there is no loss of generality in assuming that G has only finitely 
many connected components and that G = KG” = G”H. Now let L be the smallest 
closed normal subgroup of G such that G/L is a semisimple Lie group with trivial 
center and such that Go/L admits no nontrivial compact factors. Observe that L may 
not be connected and in fact may have infinitely many connected components. The 
subgroup L” is clearly the maximum normal analytic amenable subgroup of G. 
We first show that under the hypothesis of the Theorem G = m. Since G/H 
admits P finite G-invariant measure it follows that as a subgroup of G/L, m/L has 
Selberg property. Hence by Borel’s density theorem (see 12, Chap. VI) (m/L)” is -- 
normal in G/L. Hence LH” is normal in G. Now put S = GILH”, r = LHILH” and -- 
K, = KLH”/LH”. Clearly LH is T-invariant and hence factors to an automorphism 
T’ of S, which induces an affine automorphism of (S, r, K,). If F’ is the corresponding 
homeomorphism of K,\S/T then 8, the image of the identity in K,\S/T, is clearly a 
hyperbolic fixed point of F’: Clearly S/r admits a finite S-invariant measure. In 
particular r is Zariski dense in S. Hence by case (i) in the proof of Theorem 3.1 we 
conclude that S” = r”. But since r is discrete we get that G” = (LH)“. Hence 
G=G”H=s. 
The theorem now follows from the following Proposition which we isolate for use 
later. 
7.2 PROPOSITION. Let (G, H, K) be an IH-space where G has only finitely many 
connected components. Let L be the smallest normal subgroup of G such that G/L is a 
semisimple Lie group with trivial center and such that G’IL admits no non-trivial 
compact factors. Assume that G = m. Let T be an automorphism of G which 
induces an afine automorphism of (G, H, K). Let F be the corresponding 
homeomorphism of K\G/H and assume that Z is a hyperbolic fixed point of F. Then T 
is afinely equivalent to an infra-nilmanifold Anosov automorphism. 
Proof. We first show that under the hypothesis of the theorem G” = L”H”. Clearly 
L”H” is a normal subgroup of B = G: Any normal analytic subgroup containing L” 
is also closed. Now put S = G/L”H”. and let T’ be the factor automorphism of T on 
S. Recall that the Lie-subalgebra 3(T) associated to T is contained in k + h where k 
and h are Lie subalgebras corresponding to K and H respectively. Hence 3(T’) is 
contained in the Lie subalgebra k + v/v where v is the Lie ideal corresponding to 
L”H”. In particular Z( T’) is contained in a compact subgroup of S. But as in the proof 
of Lemma 2.3 by pasing to a power we may assume that T’ = uY, the inner automor- 
phism corresponding to y E S where further y may assumed to be of the form exp Y 
for some Y in the Lie algebra of S. In the situation y E .??(a,) = Z( T’) which is 
compact. But then all eigenvalues of my on the Lie algebra of S have to be of unit 
absolute value. Hence S” = Z(a,) is compact. But by choice S” admits no non-trivial 
compact factors. Hence S” is trivial or equivalently G” = L”H”. 
By Lemma 1.1(c) we may assume, as we do, that H” contains no non-trivial normal 
subgroup of G. Using this extra assumption we now conclude that G is amenable. 
Let S be a semisimple Levi subgroup of H” and let S, be the maximum analytic 
normal subgroup of S which admits no non-trivial compact factors. Since L” is the 
maximum normal amenable analytic subgroup of G” it follows that G” = L’S,. There 
exists a semisimple Levi subgroup S2 of G” such that S, is the maximum normal 
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analytic subgroup of S? without non-trivial compact factors. In particular S, is a 
characteristic subgroup of SZ. By “uniqueness” of Levi decomposition upto con- 
jugation by elements of the nilradical (see 15. Theorem 3.14.21) it now follows that for 
any g E G there exists n f N such that g&g-’ = nS,n-‘. By a Theorem of Wang H” is 
normalized by N (see [ 10. Theorem 1.2(4) and 3.1(4)]). Hence for any g E G, gS,g-’ is 
contained in H”. However {gS,g-‘lg E G} generates a normal subgroup of G, which by 
our assumption must be trivial. Hence S, is trivial. Hence G” = L”. Since G has only 
finitely many connected components and L” is amenable we conclude that G is 
amenable. The Proposition now follows from Theorem 6.1. 
58. CLASSIFICATION 
As is shown by Example 4.3 the assumption in Theorem 7.1 about G/H admitting a 
finite G-invariant measure is irredundant. In this final section we show that any affine 
automorphism for which the image of the identity is a hyperbolic fixed point is 
“composed” of an infra-nilmanifold Anosov automorphism and an almost projective 
automorphism. 
8.1 THEOREM. Let (G, H, K) be an IH space. Let T be an automorphism of G which 
induces an afine automorphism of (G, H, K) and let T be the corresponding 
homeomorphism of K\GIH. Assume that Z, the image of the identity, is a hyperbolic 
fixed point of T. Then there exists a T-invariant closed subgroup L of G containing H 
such that (i) (L, H, L n K) is an IH-space. The restriction of T to (L, H, L n K) 
induces an afine automorphism which is afinely equivalent to an infra-nilmanifold 
Anosov automorphism. (ii) the restriction of T to K\KLIH is topologically equivalenf 
to the diffeomorphism 7, of L n K\ L/H corresponding to T’. If (G, H, K) is a 
differentiable IH space the two are differentiably conjugate. (iii) The topological 
entropy of the factor homeomorphism of T on K\GIL is zero. 
Proof. Clearly there is no loss of generality in assuming, as we now do, that 
G = G”H = KG”. In particular G has only finitely many connected components. Now 
let L, be the smallest closed normal subgroup of G such that G/L, is a semisimple Lie 
group with trivia1 center and such that Go/L, admits no non-trivial compact factors. Let 
L = (L,H)“H. Then L is a closed T-invariant subgroup of G containing H. It is easy to 
verify that (L, H, L rl K) is an IH space. The affine automorphism of (L, H, L n K) 
obtained by restriction of T clearly satisfies the hypothesis of Proposition 7.2. Hence it is 
affinely equivalent to an infra-nilmanifold Anosov automorphism. 
NOW put G, = GIL,, H, = L,H/L, and K, = KLJL,. The factor automorphism T’ 
of T on G induces an affine automorphism of (G,, H,, K,). Also for the corresponding 
homeomorphism 7’ of K,\G,/H,, F, the image of the identity, is a hyperbolic fixed point. 
G, is a semisimple Lie group with trivial center and G,” admits non non-trivia1 compact 
factors. Hence by Proposition 3.4 H, has finitely many connected components. Hence 
m has only finitely many connected components. Now put L’ = L, n (L, H)“. Then L’ 
is a T-invariant closed subgroup and has finite index in L,. Clearly Go/L,“ is a semisimple 
analytic group and L,/L,’ is the center of GO/L,“. Consequently L’IL,” is normal in 
Go/L,“. Hence L’ is normal in G”. But since L’ is also normalized by H and G = G”H we 
conclude that L’ is a normal subgroup of G. 
NOW put G’ = GIL’, H’ = L/L’ and K’ = KL’IL’. Then G’ is a semisimple Lie 
group which admits no compact factors of positive dimension and the center of G’ is 
finite. The last assertion is because of L’ being of finite index in L,. Let T’ be the 
factor automorphism of T on G’. T’ induces an affine automorphism of (G’, H’, K’) 
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and if F’ is the corresponding homeomorphism of K’\G’/H’ then 2, the image of the 
identity is a hyperbolic fixed point of F’. Hence by Theorem 5.1 F‘, has zero 
topological entropy. It is straightforward to check that the factor homeomorphism of T 
on K\G/L is topologically equivalent to Tf and hence has zero topological entropy. 
Assertion (ii) follows trivially just the same way as Lemma !.!(a). 
In terms of the dynamics the theorem may be restated as follows 
8.2 COROLLARY. Let T and ?= be as in Theorem 8.1. Then there is a factor 
homeomorphism of F of zero topological entropy. Further the restriction of F to the 
fiber of t in the factoring map is topologically (diflerentiably if the IH space is 
differentiable) conjugate to an infra-nilmanifold Anosoo automorphism. 
8.3 COROLLARY. If (G, H, K) as in Theorem 8. I is a differentiable IH space and F is 
an Anosov diffeomorphism with full non-wandering set then F is afinely equivalent to 
an infra-nilmanifold Anosov automorphism. 
Proof. Under the hypothesis the factor of zero topological entropy has to be trivia!. 
Hence G = KL. Therefore by Lemma 1. I(a) T is equivalent to its restriction on (L, H, 
L rl K). Hence by Theorem 8.1, (i) T is affinely equivalent to an infra-nilmanifold 
Anosov automorphism. 
Comments. (i): By Corollary 8.3 an affine Anosov automorphism may be found 
only on infra-nilmanifolds. However which infra-namifolds or even which nilmani- 
folds admit Anosov automorphisms is far from understood. Here we would like to 
draw the reader’s attention to [I21 and other references contained in that article. (ii): 
In the present paper we have restricted to those affine automorphisms which fix the 
identity and looked at the image of the identity as a distinguished fixed point. It would 
be of interest to determine dynamical properties of affine automorphisms which fix a 
point on the manifold K\GIH and not necessarily on G. To this end we may point out 
that if K is the identity subgroup (e), the question can be reduced to the subject of 
the present article, using the following simple Lemma. 
8.4 LEMMA. Let T be an afine automorphism (see 0 1 for definition) of (G. H, (e)). 
Suppose that the corresponding diffeomorphism i; of G/H has a fixed point PH. Then 
T is differentiably conjugate to a diffeomorphism 3 corresponding to an afine 
automorphism S of (G, pHp_‘, (e)) which is induced by a Lie automorphism S of G. 
Further under the differentiable conjugacy pH corresponds to the image of the identity. 
Proof. If T(g) = g,A(g) for a!! g E G where g,, E G and A is a Lie automorphism 
of G then S defined by S(g) = g,A(g)g,-’ works. 
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